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This work explores an alternative solution to the problem of renormalizability in Ein-
stein gravity. In the proposed approach, Einstein gravity is transformed into the renor-
malizable theory of four-derivative gravity by applying a field redefinition containing an
infinite number of higher derivatives. It is also shown that the current-current ampli-
tude is invariant with the field redefinition, and thus the unitarity of Einstein gravity is
preserved.
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1. Introduction
The development of a quantum field theory of gravity based on the Einstein-Hilbert
(Einstein) Lagrangian has been problematic because the traditional methods of
renormalization cannot be used to eliminate the ultraviolet divergences that ap-
pear in perturbation theory.1, 2 Nonrenormalizable terms appear at two loops3 or
at one loop when coupled to matter.1 Alternatively, generalizations of the Einstein
Lagrangian that include higher-derivative terms, namely RµνR
µν and R2, are renor-
malizable to all orders in perturbation theory,4–8 and the dimensionless couplings of
the higher-derivative terms are asymptotically free.9–11 Also, the essential dimen-
sionless coupling given by the product of the cosmological constant Λ and Newton’s
constant G is claimed to be asymptotically free.9, 12, 13
Despite these desirable properties, higher-derivative gravity has a major draw-
back: in flat-space perturbation theory the higher-derivative terms give rise to a
massive spin-two ghost, so the theory is not unitary.4, 7, 8, 14 It has been suggested
that higher-order loop effects may render the massive ghost unstable,6, 15, 16 making
the theory unitary for asymptotic states, but a rigorous proof of this is lacking.
It is now understood that the Einstein Lagrangian and its higher-derivative ex-
tensions may be regarded as the lowest-order terms in the effective field theory of
general relativity,17 the theory containing all generally-covariant functions of the
metric and its derivatives.18 One approach for studying the asymptotic behavior
of an effective field theory, referred to as asymptotic safety, is to show that only a
subset of the possible couplings are essential, and that they are attracted to a fixed
point in the ultraviolet.19–23 Non-Gaussian (i.e., non-zero) fixed points have been
1
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found by dimensional continuation,19, 24, 25 the 1/N approximation,26, 27 the lat-
tice approach,28, 29 and various truncations of the functional renormalization group
equation.30–34
However, by definition an asymptotically safe effective-field theory of gravity
will include higher-derivative terms with essential couplings, so the corresponding
S-matrix may not be unitary in flat-space perturbation theory.20 This problem
may be avoided if the renormalization group flow near the non-Gaussian fixed point
drives the ghost mass to infinity.13, 34 Another possibility is that the ghost pole in the
propagator of the truncated effective Lagrangian is an artifact of the truncation.14, 19
For example, it has been shown that unitarity arises only when higher-derivative
terms of all orders are included.14, 15, 35 However, because such actions arise from
the expansion of entire functions, they are nonlocal. Until these issues are resolved,
it is important to develop alternative methods to study quantum effects in gravity.
This paper explores an alternative method of renormalizing Einstein gravity
based on field redefinitions. The equivalence theorem states that physical observ-
ables such as amplitudes and S-matrix elements are independent of field redefini-
tions.36–41 A simple example is a linear field redefinition φ→ Z1/2φ, which rescales
the propagator by Z−1 and the sources by Z1/2. Meanwhile, the current-current
amplitude, given by the product of two sources and the propagator, is independent
of Z.38, 39 The property of renormalizability, on the other hand, is determined by
the derivative or momentum dependence of the propagator and vertices, which in
general is not invariant under field redefinitions.1, 38, 39, 42 For example, a derivative-
dependent field redefinition φ→ Z1/2(k)φ would alter the momentum dependence
of the propagator and vertices, while the current-current amplitude, and thus unitar-
ity, would remain invariant. It follows that a derivative-dependent field redefinition
can alter renormalizability without affecting unitarity.
Drawing from recent results,43 in this paper this invariance is exploited to ob-
tain a quantum theory of Einstein gravity that is both renormalizable and unitary.
Specifically, it is shown that Einstein gravity can be transformed into the renormal-
izable theory of four-derivative gravity by applying a field redefinition that contains
an infinite number of higher derivatives. It is further shown that the current-current
amplitude, which embodies the property of unitarity, is invariant with the field re-
definition. Thus, the field redefintion renders the theory renormalizable while pre-
serving the unitarity of the Einstein theory.
The following calculations assume natural units, a metric signature of (+ - - -),
curvature tensor of Rαβγδ = −∂δΓαβγ + ..., Ricci tensor defined by Rµν = Rαµνα and
scalar curvature by R = gµνRµν , where gµν is the metric tensor.
2. Field redefinition and renormalizability
The classical action of Einstein gravity is
S ≡
∫
d4xLg(x) = 2
κ2
∫
d4x
√−gR, (1)
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where κ2 = 32πG. Consider the following local field redefinition of the metric:
gµν → gµν + κ2fµν(1),
fµν(1) = aR
µν + bRgµν . (2)
The Einstein Lagrangian transforms as
Lg → L′g = Lg +
δLg
δgµν
κ2fµν(1) +O(κ4), (3)
where O(κ4) denotes terms with six or more derivatives. Equation (3) becomes
L′g =
√−g
[
2
κ2
R+ aR2µν −
1
2
(a+ 2b)R2
]
+O(κ4). (4)
The field redefinition has introduced terms with four derivatives of the metric. This
leads to propagator and vertex functions, respectively, which vary as k−4 and k4 at
large momentum. Therefore, to O(κ4) the transformed Lagrangian is renormalizable
in four dimensions. A more detailed proof of the perturbative renormalizability of
L′g has been provided by Stelle.4
Because Einstein gravity is nonpolynomial in the metric, there will be an infinite
number of terms in the expansion of Eq. (3). The O(κ4) terms will be cubic and
higher in the metric. As a result, the degree of divergence of the vertex functions
will be unbounded and the theory will no longer be renormalizable. To maintain
renormalizability at higher orders, the field redefinition must be supplemented with
additional higher derivative terms as
gµν → gµν + κ2fµν(1) + κ4fµν(2) +O(κ6), (5)
where fµν(1) is given by Eq. (2). In this case, the Einstein Lagrangian transforms as
Lg → Lg + δLg
δgµν
(
κ2fµν(1) + κ
4fµν(2)
)
+
1
2
δ2Lg
δgαβδgµν
κ4fµν(1)f
αβ
(1) +O(κ6). (6)
As shown above, terms of order κ2 transform Einstein gravity into the renormal-
izable theory of four-derivative gravity. The role of fµν(2) is to cancel the higher
derivative vertex functions generated by κ4 terms such that the transformed La-
grangian remains equivalent to the Lagrangian of four-derivative gravity. This leads
to the condition
δLg
δgµν
fµν(2) +
1
2
δ2Lg
δgαβδgµν
fµν(1)f
αβ
(1) = 0, (7)
which can be solved for fµν(2) to obtain
fµν(2) =
1
2R
gµν
δ2Lg
δgαβδgµν
fµν(1)f
αβ
(1) . (8)
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Using the expression for the second order variation of the Einstein Lagrangian,7, 44
this can be written as
fµν(2) =
1
2R
gµν
(
−1
8
Rfαα(1)f
β
β(1) +
1
4
Rfβα(1)f
α
β(1) − fνβ(1)fβα(1)Rαν +
1
2
fαα(1)f
ν
β(1)R
β
ν
−1
4
∇νfαβ(1)∇νfβα(1) +∇νfαα(1)∇νfββ(1) −
1
2
∇βfαα(1)∇µfβµ(1) +
1
2
∇αfνβ(1)∇νfβα(1)
)
.
This procedure can be applied at each order of the transformation to ensure the
transformed Lagrangian is equivalent to the renormalizable Lagrangian of four
derivative gravity. The end result is a renormalizable theory obtained from a field
redefinition containing an infinite number of higher derivative terms.
It may also be possible to transform the Einstein theory into another renor-
malizable model, such as non-local nonpolynomial gravity,15, 35 or local polynomial
superrenormalizable gravity.16, 45–47 This leads to potential ambiguity in calculating
the quantum corrections. However, according to the equivalence theorem, physical
observables such as S-matrix elements and beta functions of essential couplings are
invariant under arbitrary local field redefinitions.36–41 Therefore, in principle, all
renormalizable models obtained from the Einstein theory by a local field redefini-
tions are equally valid. Four-derivative gravity is merely the simplest extension of
Einstein gravity sufficient to obtain renormalizability.
3. Propagator
To probe the unitary properties of the theory, it is necessary to derive the prop-
agator. This process is greatly simplified using the momentum space projection
operators for symmetric rank 2 tensors described in the appendix, which project
out the spin-0, spin-1, and spin-2 components of the field.4, 6 Taking the gravita-
tional field as gµν = ηµν + κhµν , in momentum space the quadratic part of Lg can
be written in terms of the projection operators as4, 9, 13
L(2)g (k) =
1
2
hµνk2(P (2)µνρσ − 2P (0−s)µνρσ )hρσ. (9)
In the weak field approximation, the field redefinition in Eq. (2) reduces to
hµν → hµν + κ2fµν(1),
fµν(1) = −
1
2
k2
[
aP
µν(2)
κλ +
1
2
(a+ 6b)P
µν(0−s)
κλ
]
hκλ. (10)
The Lagrangian transforms as
L(2)g → L′(2)g = L(2)g +
δL(2)g
δhµν
κ2fµν(1) +O(κ4). (11)
where O(κ4) represents vertices with six or more derivatives. Noting the orthogo-
nality properties of the projection operators, namely P
(i)
µνρσP
µν(j)
κλ = δ
ijP
(i)
κλρσ , the
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transformed Lagrangian simplifies to
L′(2)g =
1
2
hµνk2
[
− (k
2 −m22)
m22
P (2)µνρσ +
2(k2 −m20)
m20
P (0−s)µνρσ
]
hρσ, (12)
where m22 = 2(aκ
2)−1 and m20 = 2[(a + 6b)κ
2]−1. The invariance of L′(2)g under
infinitesimal coordinate transformations of the form
xµ → xµ + κǫµ(x) (13)
leads to a gauge invariance
hµν(x)→ hµν(x) − ∂µǫν − ∂νǫµ, (14)
which makes the propagator of L′(2)g divergent. This issue is resolved by supple-
menting L′(2)g with a gauge-fixing term as
L = L′(2)g + Lgf . (15)
A particularly useful gauge which leads to a propagator in which all parts vary as
k−4 at large momentum is the so-called Julve-Tonin gauge4, 6, 13, 48
Lgf = − 1
2ξ
hµνk2
[
(k2 −m22)
m22
P (1)µνρσ −
(k2 − 2m22)
m22
P (0−w)µνρσ
]
hρσ, (16)
where ξ is a constant. The total Lagrangian can then be written as4, 6, 48
L = 1
2
hµνOµνρσhρσ, (17)
where
Oµνρσ = − k
2
m22
(k2 −m22)P (2)µνρσ +
2k2
m20
(k2 −m20)P (0−s)µνρσ
−1
ξ
[
k2
m22
(k2 −m22)P (1)µνρσ −
k2
m22
(k2 − 2m22)P (0−w)µνρσ
]
. (18)
The propagator, obtained by inverting Oµνρσ, is then
Dµνρσ = O−1µνρσ = −
m22
k2(k2 −m22)
P (2)µνρσ +
m20
2k2(k2 −m20)
P (0−s)µνρσ
−ξ
[
m22
k2(k2 −m22)
P (1)µνρσ −
m22
k2(k2 − 2m22)
P (0−w)µνρσ
]
. (19)
It can be seen that all parts of the propagator vary as k−4 at large momenta.
4. Current-current amplitude and unitarity
The unitarity of the theory can be understood by expanding the propagator into
partial fractions. For example, for ξ = 0
Dξ=0µνρσ =
P
(2)
µνρσ − 12P
(0−s)
µνρσ
k2
− P
(2)
µνρσ
k2 −m22
+
1
2P
(0−s)
µνρσ
k2 −m20
. (20)
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The field redefinition has formally introduced additional massive graviton states.
The first term corresponds to the massless spin-2 graviton, while the second and
third terms, respectively, correspond to massive spin-2 and spin-0 states. Note that
for m2,m0 → ∞, Dξ=0µνρσ reduces to the propagator of the Einstein theory. The
conditions for unitarity at tree level can be determined from the current-current
transition amplitude given by49–52
M(k) = 1
2
κ2T µν(−k)Dξ=0µνρσ(k)T ρσ(k), (21)
where Tµν is the stress-energy tensor. Unitarity requires the imaginary part of the
residue ofM(k) at the poles to be positive.49–52 While the residues of the massless
spin-2 and the spin-0 state are positive, the residue of the massive spin-2 state is
negative, which would normally violate the unitarity condition. However, noting
that the sources couple linearly to the fields as hµνTµν , the linear field redefinition
in Eq. (11) also requires the sources inM(k) to be redefined as
T µν → T ′µν = T µν − 1
2
k2
(
1
m22
P
µν(2)
κλ +
1
m20
P
µν(0−s)
κλ
)
T κλ. (22)
As a result, the amplitude is invariant under the field redefinition,
M′(k) = 1
2
κ2T ′µν(−k)Dξ=0µνρσ(k)T ′ρσ(k)
=
1
2
κ2T µν(−k)P
(2)
µνρσ − 12P
(0−s)
µνρσ
k2
T ρσ(k). (23)
That is, only the propagator of the massless spin-2 state appears in the amplitude.
Since the imaginary part of the on-shell residue of this portion of the propagator is
positive, the unitarity condition is satisfied at tree level.
Beyond tree level, unitarity is preserved provided that the field redefinition is
modified to include radiative corrections to the masses. For example, at one-loop
order radiative corrections lead to a dressed propagator of the form9, 16
Dξ=0µνρσ =
P
(2)
µνρσ
− k2
M2
2
(k2 −M22 ) + α2κ2k4 log k
2
M2
2
+
P
(0−s)
µνρσ
2k2
M2
0
(k2 −M20 ) + α0κ2k4 log k
2
M2
0
, (24)
whereM2 andM0 are the renormalized masses. This dressed propagator is obtained
from the field redefinition in Eq. (11) by replacing the bare masses as
1
m22
→ 1
M22
(
1− α2κ2M22 log
k2
M22
)
,
1
m20
→ 1
M20
(
1 +
1
2
α0κ
2M20 log
k2
M20
)
.
(25)
Importantly, as long as this replacement is also made in the source redefinition
of Eq. (22), the contribution of the massive states to the amplitude in Eq. (23)
vanishes, and unitarity is preserved at one-loop order.
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In addition to the transformation of the Lagrangian and the redefinition of the
source, there is a Jacobian associated with the field redefinition. For local transfor-
mations, the Jacobian can be written as a ghost Lagrangian of the form39, 42
− Lghost = cc¯+ c
δfµν(1)
δhµν
c¯, (26)
where c and c¯ are the ghost fields. Since fµν(1) is linear in the second derivatives of
hµν , the ghost acquires a kinetic term but does not couple to the physical field hµν .
Therefore, the ghost contributes only an overall contant to the generating functional
and thus has no physical effect.
5. Summary
This work aims to develop a quantum theory of gravity that is both unitary and
power-counting renormalizable. The approach is to transform Einstein gravity into
the renormalizable theory of four-derivative gravity through a field redefinition con-
taining an infinite number of higher derivatives. Importantly, it is also shown that
the current-current amplitude is invariant with the field redefinition, and thus the
unitarity of the Einstein theory is preserved.
Appendix A. Projection operators
The derivation of the graviton propagator is considerably simplified using the mo-
mentum space projection operators for symmetric rank 2 tensors. The complete set
of projection operators in momentum space is4, 6
P (2)µνρσ =
1
2
(θµρθνσ + θµσθνρ)− 1
3
θµνθρσ
P (1)µνρσ =
1
2
(θµρωνσ + θµσωνρ + θνρωµσ + θνσωµρ)
P (0−s)µνρσ =
1
3
θµνθρσ
P (0−w)µνρσ = ωµνωρσ
P (0−sw)µνρσ =
1√
3
θµνωρσ
P (0−ws)µνρσ =
1√
3
ωµνθρσ
where θµν and ωµν , respectively, are the transverse and longitudinal vector projec-
tion operators given by
θµν ≡ ηµν − kµkν/k2
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ωµν ≡ kµkν/k2
The orthogonality relations are
P i−aP j−b = δijδabP j−b
P i−abP j−cd = δijδbcP j−a
P i−aP j−bc = δijδabP j−ac
P i−abP j−c = δijδbcP j−ac
where i, j = 0, 1, 2 and a, b = s, w.
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